In this paper, we answer a question due to Y. André related to B. Dwork's conjecture on a specialization of the logarithmic growth of solutions of p-adic linear differential equations. Precisely speaking, we explicitly construct a ∇-module M over Qp [[X]]0 of rank 2 such that the left endpoint of the special log-growth Newton polygon of M is strictly above the left endpoint of the generic log-growth Newton polygon of M .
Introduction
We consider an ordinary linear p-adic differential equation
where the f i 's are bounded analytic functions in the unit disc |x| < 1, with coefficients in a p-adic field. We assume that the differential equation has a full set of solutions y that are analytic in the unit disc. For example, this assumption is satisfied for Picard-Fuchs equations.
In [Dwo73a] , B. Dwork studied asymptotic behavior of the solutions around the boundary |x| = 1 and he proved that y has at most logarithmic growth (log-growth) of order µ − 1, that is, |y| 0 (r) = O((log (1/r)) 1−µ ) as r ↑ 1, where | · | 0 (r) means the r-Gaussian norm with center 0. To obtain more precise information about the log-growth of the solutions of Dy = 0, he defined the log-growth Newton polygon NP log,0 (D). Then, Dwork made the following observations and stated two fundamental conjectures on log-growth Newton polygons (see [Dwo73b, Concluding Remark 3] for details): He first defined the notion of a Frobenius structure for a p-adic differential equation. If Dy = 0 admits a Frobenius structure, then the solution space of Dy = 0 is endowed with a canonical Frobenius structure. Then, the associated Frobenius Newton polygon is called the special Frobenius Newton polygon NP ϕ,0 (D). If we pull back the unit disc to the unit disc around a generic point t of the unit disc, then we can obtain a p-adic differential equation D t y = 0, which is defined on the disc |X − t| < 1. Then, we can compute the loggrowth Newton polygon associated to D t y = 0, which is called the generic log-growth Newton polygon NP log,t (D t ). Moreover, D t y = 0 is also endowed with a Frobenius structure, and the corresponding Frobenius Newton polygon is called the generic Frobenius Newton polygon NP ϕ,t (D t ). Then, based on a calculation for the hypergeometric differential equation with parameters (1/2, 1/2; 1), Dwork conjectured that
Note that if Conjecture 1.1 is true, then the special log-growth Newton polygon is above the generic log-growth Newton polygon by Grothendieck's specialization theorem for F -isocrystals. Thus, he also conjectured that The aim of this paper is to answer André's question "negatively": We will explicitly construct a ∇-module M of rank 2 such that the left endpoint of the special log-growth Newton polygon of M is strictly above the left endpoint of the generic log-growth Newton polygon of M . Also, we prove that our example does not admit a Frobenius structure. Hence, the existence of our example means that equality of the endpoints is apparently a special feature of log-growth in the presence of a Frobenius structure.
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Construction of a p-adic differential equation
We first recall some notation in [And08] .
Notation 2.1. Let p be a prime number. Let v p : Q p → Z ∪ {∞} be a discrete valuation such that v p (p) = 1. We define a norm | · | p :
We denote by t a formal variable, i.e., a Dwork generic point and let Q p {{t}} be the fraction field of the p-adic completion of
We denote the special log-growth Newton polygon of M by NP log,0 (M ) ([And08, § 3.3]). We also denote the generic log-growth Newton polygon of M by NP log,t (Mt) [And08, § 3.4].
Definition 2.2. Let σ ∈ R ≥0 . We define P σ ⊂ R 2 as the lower convex polygon defined by the vertices (0, −σ), (1, −σ), and (2, 0). Obviously, the slope set of P σ is {0, σ}.
In particular, the left endpoint of NP log,0 (M ) is strictly above the left endpoint of NP log,t (Mt).
In the following, we will construct M = M σ,σ ′ . Denote δ := (σ − σ ′ )/(1 − σ) ∈ R ≥0 . For n ∈ N, we put a n := p ⌊σ ′ r⌋ if n = p r (p ⌊δr⌋+1 + 1) − 1 for some r ∈ N, 0 otherwise and
] 0 e 2 endowed with an action of d/dX given by ∇ d dX e 1 e 2 = e 1 e 2 0 −f 0 0 . 
We put
y s := n∈N 1 n + 1 a n+1 X n+1 ∈ Q p [[X]], y g := n∈N (X − t) n+1 n + 1 ∞ k≥n a k t k−n k n ∈ Q p {{t}}[[X − t]].
Calculation of the log-growth of y s
We estimate a n /(n + 1), which is the coefficient of y s at X n+1 , as follows. Let λ ∈ R ≥0 and n = p r (p ⌊δr⌋+1 + 1) − 1 for some r ∈ N. Then, we have a n n + 1 p /(n + 1) λ = p where the last term tends to ∞ as n → ∞. Hence, we have a n n + 1 p /(n + 1) λ = O(1) as n → ∞ if 1 − σ ≤ λ → ∞ as n → ∞ if 1 − σ > λ, which implies that y s is exactly of log-growth 1 − σ.
